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Exercise 1. Consider the optimization problem

minimize x2 + 1

subject to (x− 2)(x− 4) ≤ 0

with variable x ∈ R.

(a) Analysis of primal problem. Give the feasible set, the optimal value, and the optimal solution.

(b) Lagrangian and dual function. Plot the objective x2 + 1 versus x On the same plot, show the feasible set,

optimal point and value, and plot the Lagrangian L(x, λ) versus x for a few positive values of λ. Verify the

lower bound property, that is, y∗ ≥ infx L(x, λ) for λ ≥ 0. Derive and sketch the Lagrange dual function g.

(c) Lagrange dual problem. State the dual problem, and verify that it is a concave maximization problem. Find

the dual optimal value and dual optimal solution λ∗. Does strong duality hold?

Exercise 2.

(a) Find the Lagrange dual problem of a linear program given in form

minimize cTx

subject to Ax ≤ b.

(b) When will a dual variable λ be feasible?

(c) Formulate the Lagrange dual as a linear program.

Exercise 3. Find simple necessary and sufficient conditions for x ∈ Rn to minimize a differentiable convex

function f over the probability simplex {x ∈ Rn| ||x||1 = 1, x ≥ 0}.

For a differentiable function f on Rn, a descent direction of f at a point w is a vector p such that

f(w + λp) < f(w) for any λ ∈ (0, η) for some η > 0.

Exercise 4. Explain why 〈p,∇f(w)〉 ≤ 0 is a necessary condition for p to be a descent direction of f at w.

Exercise 5. Let f(x) = x2. Starting from x1 = 2, compute the first 3 steps of the Gradient descent algorithm.

Exercise 6. Let us consider the following functions:

f1(w1, w2) = 1
2w

2
1 + 7

2w
2
2

f2(w1, w2) = 100(w2 − w2
1)2 + (1− w1)2 (Rosenbrock′sfunction)

f3(w1, w2) = 1
2w

2
1 + w1 cosw2.

(a) Calculate the gradient of the functions.

(b) Determine the global minimum of the functions.

(c) Are these function convex?

(d) Choose a starting point w = (w1, w2) within distance 5 from an optimal solution, and perform two steps of

the Gradient descent algorithm.
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Exercise 7. We are given data d̂ij for i, j = 1, ..., n, which are corrupted measurements of the Euclidean

distances between vectors in Rk: d̂ij = ||xi − xj ||2 + vij for i, j = 1, . . . , n, where vij is some noise or error.

These data satisfy d̂ij ≥ 0 and d̂ij = d̂ji for all i, j. The dimension k is not specified.

Show how to solve the following problem using convex optimization. Find a dimension k and x1, . . . , xn ∈ Rk

so that
∑n

i,j=1(dij − d̂ij)2 is minimized, where dij = ||xi − xj ||2. In other words, given some data that are

approximate Euclidean distances, you are to find the closest set of actual Euclidean distances, in the least-squares

sense.
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